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Maximal SYM

D=4 N=4
D=6 N=2
D=8 N=1
D=10 N=1

Motivation
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¢ Partial or total cancellation of UV divergences Od‘v\@é‘o\ga\O
(all bubble and triangle diagrams cancel) QO oY
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¢ First UV divergent diagrams at D=4+6/L @0 e

¢ Conformal or dual conformal symmetry e
¢ Common structure of the integrands
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D=4 N=8 Supergravity ¢ Similar to higher dim SYM
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D=4 N=8 Supergravity ¢ Similar to higher dim SYM

Object: Helicity Amplitudes on mass shell
with arbitrary number of legs and loops

The case: Planar limit N, — oo, ¢3-,;, — 0 and g3, N, - fixed

The aim: to get all loop (exact) resulit
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D=4 N=8 Supergravity ¢ Similar to higher dim SYM

Object: Helicity Amplitudes on mass shell
with arbitrary number of legs and loops

The case: Planar limit N, — oo, ¢3-,;, — 0 and g3, N, - fixed

The aim: to get all loop (exact) resulit

Study of higher dim SYM gives insight into quantum gravity



UV divergences In all Loops

Spinor-helicity formalism: S-matrix elements

D=4 N=4 No UV div IR div on shell
D=6 N=2 UV div from 3 loops No IR div
D=8 N=1 UV divfrom1loop NolIRdiv

D=10 N=1 UV divfrom1loop NolRdiv

All these theories are non-renormalizable by power counting
2] L 1
- MDb-H

The aim: to get all loop (exact) result for the leading (at least) divs

2
The coupling Y has dimension |g




Perturbation Expansion for the 4-point
Amplitudes for any D
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Universal expansion for any D in maximal SYM due to Dual conformal invarianc5e



Leading Divergences from Generalized
«Renormalization Group»

e In renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefficient of 1/¢” in n loops is

(n)
Re=y i al = (@)
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Leading Divergences from Generalized
«Renormalization Group»

e In renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefficient of 1/¢” in n loops is

(n)
Re=y i al = (@)

e In non-renormalizable theories the leading divergences can be also
found from 1-loop due to locality and R-operation

R'G=1-) KR+ KR.KR. — ..,

Y 5y
A(n)(,uz)”e A(n) (ILLQ)(TL—l)G A(n)(MQ)G
/ — n n—1 | | 1
BT(L"”/) 2\ne B(n_) 2\(n—1)e B(n) 2\€
Leading pole + n(’l_il) 4 n 1%_)1 441 n(_ﬁi )
€ € €
/ +lower order terms
SubLeading pole Agn), BY@) 1-loop graph

Bé”) 2-loop graph



Subleading Divergences from Generalized
«Renormalization Group»

* In non-renormalizable theories the leading divergences can be also
found from 1-loop due to locality and R-operation

All terms like (loglLLQ)m/ek should cancel

Leading pole
An) from 1 loop
A = (—p)nti — diagrams
n
B = (—1)" <EB§n> LT 23@) ‘ SubLeading pole

n n from 2 loop

diagrams

no /A g A%”)/ Bq(l”)/
mfan_z<k LBD) A B

€ e € € .
k=1 Just like In

renormalizable

(n) theories one can
A" (—1)"TtAln) — 4 deduce the
" " n leading,
/ 2 2 subheading, etc
B, = (n(n —1) By + nBl ) divergences from
1, 2, etc diagrams




R-operation and Recurrence Relation
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R-operation and Recurrence Relation

8 N=1
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R-operation and Recurrence Relation
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R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
/\ iy
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R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
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R-operation and Recurrence Relation
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R-operation and Recurrence Relation
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R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
/\ bt ? Rkt :
R HI N -Dl H -0 H ]G
An An—l
2 2

nd, = -A,_, —> A, =(-1)" (—g2s)"

Horizontal boxes + double tennis court

n!

1 1
nd, = —gAfz—l» l nA, =—-A,_1+ §AZ—1
¢ (=11 s 1(=p*1 1 1
— _ _ (1"
An 3n=3 nl’ An 2 3n—3 pl 2( ) n!

(—g°s)" ' (—g°t) (—g°s)"



R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
/\ grore et ? gornnreresena e e enenes ?
R HI N -Dl H -0 H ]G
An An—l
n2 2 _\n
nAn——An_l — An: (—1) E (—g S)

Horizontal boxes + double tennis court

1 < . 1
nqu, — _gAz—la l nAn — _An—l + gAfz—l
¢ (=)™ 1 s 1(=np*1 1 1
An = 3n=3 pl’ An = 2 3n=3 nl 2( 1 n!
(—g%s)" 1 (—g%t) (—g°s)"

- Similar relations one can get for all other series
* All of them have 1/n! behavior
* Number of these series group as n!



Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes Al = gn=1 4
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Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes Al = gn=1 4
9 9 2
ndp =—jdn-1+ o > ApAnik, m>3 Ay =1/6 1 loop box
k=1
Summation Sm(2) = ) Ap(—2)"
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Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes AP = gn=1 g
9 9 n—2
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DA =20 : d 1 2 2
Diff eqn il 3 S E ) S — 3 2= g°s? /e
d2-AT T3 Tt pA g5/

10
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Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes AP = gn=1 g
9 9 n—2
nAn = -5 An1+ ]; ApAp_1-k, n>3 AL =1/6 1 loop box
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All loop Exact Recurrence Relation
D=6 N=2
s-channel term Sn(s,t) t-channel term Tn(S,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

n > 4

S t —28/ d$/ dy n— 1 S, t' _l_Tn—l(Sat/))

t' =t(x —y) — sy

:—8/3 T3 —t/g



All loop Exact Recurrence Relation
D=6 N=2
s-channel term Sn(s,t) t-channel term Tn(S,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

n >4

1 X
nS, (5.1) = —2s / i / dy (Sp_1(s.t') + Tu_1(s.t)) |
0 0 t =tlx —y) — sy

Sg — —8/3, T3 = —t/3

Summation Sk(s,t,2) = Y (—2)"Sn(s,1)
n==k



All loop Exact Recurrence Relation
D=6 N=2
s-channel term Sn(s,t) t-channel term Tn(S,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 x
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0 0

Sz = —s/3, Ts = —t/3
Summation Sk(s,t,2) = Y (—2)"Sn(s,1)

n=k

d

Diff eqn d_24(5 t, 2 —23/ dx/ dy (Bs(s,t',2) + X3(t', s, 2)) |t =atryu
2



All loop Exact Recurrence Relation
D=6 N=2
s-channel term Sn(s,t) t-channel term Tn(S,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams
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Ya(s,t,z) = Xs(s,t,z) + Ss(s,t)z° (s, t,2) = 2 %85(s, t, 2)



All loop Exact Recurrence Relation
D=6 N=2
s-channel term Sn(s,t) t-channel term Tn(S,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 T
nS, (5.1) = —2s / da / dy (Sp_1(5,") + Tu_1(s,t'))
0 0
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All loop Exact Recurrence Relation
D=8 N=1
s-channel term S, (s,t) t-channel term Th(s,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 T
nSy(s,t) = _252/ dx/ dy y(1 —x) (Sn_l(s,t/) + Tn—l(sat/))|t’=tx+yu
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k=1 p=0
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All loop Exact Recurrence Relation
D=8 N=1
s-channel term S, (s,t) t-channel term Th(s,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 T
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All loop Exact Recurrence Relation

D=8 N=1

s-channel term

S, (s,t) tchannelterm 1), (s,

t) T, (s,t) = S,(t,s)

Exact relation for ALL diagrams

n—22k—2

1 x
nSy(s,t) = —232/ dx/ dy y(1 —x) (Sn_1

(Sa t/) =+ Tn—l (37 t/)) |t’:t:c—‘,—yu
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2 / /
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k= 1 p= O
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All loop Exact Recurrence Relation

D=8 N=1

s-channel term

S,(s,t) tchannelterm T(s,?) T, (s,t) = Su(t,s)

Exact relation for ALL diagrams

1 T
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Diff egn
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All loop Solution (leading divs

D=6 N=2

PT (15 terms)
z
200
150 [— Numerical solution
The ladder sequence
reduced ladder
100
—— PT series: 15 terms
100 50
—— Pade approximation[7,7]
46
50

PT and Pade versus
ladder for t=s

Ladder Lddder 2

Ladder

Lad+Lad?2

Numerical solution of the full equation is close to the ladder approx



All loop Solution (leading divs)

D=8 N=1

Ladder 4
2 . -
2 Numerics P ‘\
—> | W,
— Numerical solution 0 g
— Numerical solution 1
1 The ladder sequence
— PT series: 15 terms
— Pade approximation [7,3
2 4 %B, 10 12
1 / \
/ Pade
-2

PT and Pade versus
ladder for t=s

Yr(s,z) =—

LT
4tan(zs%/(8v/15))

5/3

1 — tan(2zs2/(8v15))/5/3




Ladder diagrams (subleading divs)

Aq(an) _ Sn—lAnqu(ln)’ _ Sn—lA/

n?

B™ = " 1B, + s"%tB,,, B =B 4+ s"%B!



Ladder diagrams (subleading divs)

A = "1 A,, A = Al

B™ = " 1B, + s"%tB,,, B =B 4+ s"%B!

2 2 2 2

B/ — / = - -
tn nin —1) ™ 2515 T P




Ladder diagrams (subleading divs)

A = "1 A,, A = Al

B™ = " 1B, + s"%tB,,, B =B 4+ s"%B!

9 2 9 9 9 2 n—2 y
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Ladder diagrams (subleading divs)

A = "1 A,, A = Al

B{™ = s" !By, + 8" %tBy,, B{" =s""'B., +s""%B,,

2 2 2 2 2 2
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8 46 12
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Sum of Ladder diagrams (subleading divs)

summation

oo

n—=2




Sum of Ladder diagrams (subleading divs)

summation

o, - g, Diffean  dNip(z) 1 d¥p() | Mip(x) 1

! dz2 30 dz 720 439




Sum of Ladder diagrams (subleading divs)

summation

o, - g, Diffean  d¥ip(x) 1d¥p(2)  Fip(s) 1
= d2 30 d2 720 432
g282

: D
€ solution Yig(z) = : e*/69(2 cos(z/30) — sin(z/30)) — 2




Sum of Ladder diagrams (subleading divs)

summation

S izn g Diffeqn  °Tip(z) 1d¥ip(z) Xip(z) 1
o dz2 30 dz 720 432
2.2
z = g S 5
€ solution Yig(z) = : e*/69(2 cos(z/30) — sin(z/30)) — 2




Sum of Ladder diagrams (subleading divs)

summation

S izn p,  Diffeqn  dXip(2)  1d¥ip(2)  Xip(z) 1
n=2 dz? 30 dz 720 432
L g282 5
€ solution Yig(z) = : e*/69(2 cos(z/30) — sin(z/30)) — 2
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Sum of Ladder diagrams (subleading divs)

summation

S izn p,  Diffeqn  dXip(2)  1d¥ip(2)  Xip(z) 1
n—2 dz? 30 dz 720 432
L g282 5
€ solution Yig(z) = : e*/69(2 cos(z/30) — sin(z/30)) — 2
00 Diff eqgn
2B = Z(_Z)nBtn
n=2 d¥ip(z) 1 dXip(2) B Xip(2) B Xip(2) S
dz 60 dz 60 720 432
solution

Yup = —% [60 + 24 e*/59(—(60 + 2) cos(2/30) — 2(—15 + z) sin(z/30))




Sum of Ladder diagrams (subleading divs)

p - " d2§]’8 2z ¥’ 5(z
Mg =) "Bl dg( )+f1(Z) il )+f2(Z)2;B(Z) = f3(2)
— 2 dz
Diff eqn 1 Y4
e =5+ 15
1 X4 X% 1dYy
&) =5 "360 T 00 T 15 dz
2321 11 A7 1 23 1
= YA —— Yy 2 — I Y 2+ ——2%
fs(2) 51512 A T 180078 T 55T A T ima tATB T grsg @A T 1900 CATB

_19 dX A 1 dZ;B N 23 dZ?4 N 1 d(ZAZ;B) 3
3060 dz 15 dz 225 dz 30 dz 32




Sum of Ladder diagrams (subleading divs)

o

/ n o/ dQZ/S Z dZ’S Z
Mg =) "Bl dg( )+f1(Z) il )+f2(Z)2;B(Z) = f3(z)
— 2 dz

Diff eqn Y
fl(Z):_é—l_]__E),
1 X4 X% 1dYy
&) =5 "360 T 00 T 15 dz

2321 11 A7 1 23 1
= Y+ —Y - %4 — — Y Y+ —35 + ——F4Y
fs(2) 51512 A T 180078 T 55T A T ima tATB T grsg @A T 1900 CATB
1 19d%4 1 dSig N 23 d¥? N 1 d(S4%5) 3
36 dz 15 dz 225 dz 30 dz 32

Solution to Diff eqn _
smooth monotonic function

z ) T 4«
'5(2) = djleu(z) u(z) :/0 dy/o dadef(i:))/da:
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Leading divs

100

50/

~50"

-100/

~150/

Infinite number of poles

solutions

ZsB

Subleading divs

Series: 20 terms ]

Numericalsolution

mA



Sum of the Ladder diagrams

solutions
Leading divs B Subleading divs
200+
5, ﬁ
100:— | 28 B
I 150
50/ ’
100; ----- Series: 20 terms
z | Numericalsolution
~50" 50
: [ ----- Series: 20 terms ] ]
-100 /
Exact solution ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ Y/
5  ——o A
~150]
I Zsg
600
400 — subleading Z¢g[Z]
v . — leading A[Z]
Infinite number of poles 200
) 4(k/a’o/? 100 126
-200
-400
-600

Infinite number of poles at the same position
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Scheme dependence and
arbitrariness of subtraction

Divergent counterterms have the form

ZL(Z)—I—EZNL(Z)—I—EZENNL(Z)—I—“' Z(Z):ZZnFn

D=4 N=4 z=g"/e

D=6 N=2 z=g%s/e,z=g°t/e

D=8 N=1 z=¢2s%/e.2=q?st/e, .. All previous eqgs. are
92 3/ ) 7 5 2/ ) written in MS scheme

D=10 N=1 z=g"s"/e,z=g"s"t/e,..

Min Scheme -> Non-Minimal Scheme

2 12 2 4 6 . ] :
g =g =9 tag +teg + .. Valid both in renormalizable

2 — 2 =2+ crez’ + a2 + .. and non-reneormalizable case!

However, interpretation via renormalization of the coupling is lacking in
non-renormalizable case
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Conclusions

¢ The UV divergences for the on-shell scattering amplitudes DO NOT
CANCEL in any given order of PT

¢ The recurrence relations allow one to calculate the leading UV
divergences in ALL orders of PT algebraically starting from 1 loop

¢ The recurrence relations allow one to calculate the sub leading UV
divergences in ALL orders of PT algebraically starting from 1 and 2 loops

¢ This procedure apparently continues the same way for all divergences
just like in renormalizable theories
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Conclusions cont’d

¢ The sum of the leading UV divergences to ALL orders obeys the nonlinear
integro-differential equation

¢ The numerical solution indicates that solution to the full equation seems to
behave like the ladder approximation

¢ There is no simple limit when e — +0

¢ This means that one cannot simply remove the UV divergence and non-
renormalizability of a theory is not improved when summing the infinite

series

21
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Conclusions cont’d

¢ The structure of UV divergences in nhon-renormalizable theories essentially
copies that of renormalizable ones

¢ The arbitrariness of the subtraction procedure is still governed by the
redefinition of the «effective» couplings, but in no-renormalizable case they
are multiple and depend on kinematics

¢ Establishing connection between these coupling would made the theory
tractable in the usual sense
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