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In cooperation with
M. Hnatič
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Motivation - static critical phenomena

phase transition liquid⇔ vapour presence of divergences

2D Ising model
for T = Tc fractal-like
behaviour

Relevant concepts: order parameter, symmetry, spatial dimension, correlation
length ξ diverges as τ−ν , τ = (T − Tc)/Tc is a control parameter
Amit & Victor-Mayor 05



Motivation - dynamic critical phenomena

dynamic scaling

tc(τ) ∼ (ξ(τ))z ∼ |τ |−zν

scaling hypothesis

C(τ, x, t) = |x|−(d−2+η)Ĉ

(
x

ξ
,A

t

ξz

)
. 2D Ising ferromagnetic material
zν = 2.09± 0.06
Dunlavy&Venus 2005

∂tϕα = Fα[ϕ]︸ ︷︷ ︸
reversible t.

−D(i∇)a
δH
δϕα︸ ︷︷ ︸

dissipation

+ fα︸︷︷︸
noise

, a ∈ {0, 2},

〈fα〉 = 0, 〈ff〉 = 2kBTD︸ ︷︷ ︸
fluct.-dissip.

(i∇)aδ(. . .)

Vasil’ev 04, Folk & Moser 06, Täuber 14



Motivation - criticality in non-equilibrium systems

Example: directed percolation process (simple model for epidemics or in high
energy physics - Gribov process)
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t - time in proper units N(t) - number of active sites
Not exactly solvable even in 1+1 dimension.



Motivation - criticality in non-equilibrium systems

detailed balance Ĥ 6= Ĥ† is violated
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for p = pC : N(t) ∼ tα, other-
wise N(t) ∼ exp(±At)

Hinrichsen et al. 08



Velocity field - Nr. 1 (stochastic Navier-Stokes Eq.)

stochastic equation ∂tv + (v ·∇)v = −∇p+ ν∇2v + f

f - random force→ input of energy

relevant physical parameter -
Reynolds number

Re =
L0V0

ν
=

inertia

dissipation

Re� 1 - laminar flow

fully developed homogeneous isotropic turbulence (in a statistical sense)
for Re→∞
# of dof ∼ Re9/4 Frisch 95

Vasil’ev 04



Velocity field - Nr. 1 (stochastic Navier-Stokes Eq.)

The equal-time structure functions

Sn(r) =
〈[
vr(t,x)− vr(t,x′)

]n〉
, vr = v · r/r, r ≡ |x− x′|

The Kolmogorov theory implies in the inertial range l� r � L

Sn(r) = Cn (Er)n/3 , Cn universal

E - the average power of the injection

in reality due to intermittency :

Sn(r) = (Er)n/3 (r/L)γn

Theoretician’s dream: to calculate γn within a controllable scheme.

Falkovich 01



Velocity field - Nr. 1 (stochastic Navier-Stokes Eq.)

Note on expansion scheme for turbulence problems

Diagram technique of Wyld, Wyld 61

stochastic force with the correlator

〈fi(k)fj(−k)〉 ∝ k4−d−2y

expansion in formally small parameter y and spatial dimension d is fixed

y → 2 - energy doping from infinite scales

Adzhemyan et al. 98, Vasil’ev 04



Velocity field - Nr. 2 (Synthetic models)

Transport of some quantity - observation by R. Kraichnan (Kraichnan 68)

∂tθ + (v ·∇)θ︸ ︷︷ ︸
advection

= D∇2θ︸ ︷︷ ︸
diffusion

passive scalar might be intermittent for non-intermittent velocity field

Main idea: v(t,x) - random Gaussian variable 〈v〉 = 0 and

〈v(t,k)v(0,0)〉 ∝ θ(t)k2−d−yP kije
−u0D0tk2−η

,

P kij = δij − kikj/k2: incompressible part (∇ · v = 0)

easy generalizations - compressibility, anisotropy, helicity etc.

different techniques: zero-mode approach, RG approach, 1/d
expansion, numerical simulations

Antonov 06, Hnatic 16



Stochastic differential equations and quantum field theory

De Dominicis-Janssen dynamic functional

∂tϕ(x) = U(x, ϕ) + f(x),
〈
f(x)f(x′)

〉
= D(x, x′),

m

S[ϕ] =
1

2
ϕ′Dϕ′︸ ︷︷ ︸

noise properties

+ϕ′ [−∂tϕ+ U︸ ︷︷ ︸
dynamics

],

where the integrations over t,x have been omitted.

Statistical averages as averages with a functional weight expS[φ]

quantum field→ random classical field

Machinery of quantum field theory applicable: Feynman diagrammatic
expansion, the renormalization group, operator product expansion etc.

Vasil’ev 2004, Täuber 2014, Hnatic 16



Stochastic differential equations and quantum field theory

(1) proof of renormalizability
(2) Finding IR regimes

β − functions
dĝ

d lnµ
= −β(ĝ)

qualitative picture

g

β(g)

g∗

IR stableUV stable

Multi-charge theories βi(g∗i ) = 0 and Ωik = ∂βi/∂gk : |Ω|∗g > 0.
(3) Experimentally measured quantities

F (x1)F (x2) =
∑
F

CF (r)F (t,x), x =
x1 + x2

2
, r = x1 − x2 → 0

in the inertial range 1/µ� r � 1/m ∼ L

〈F 〉 ∝ m∆F
OPE−−→ 〈FnlFps〉 ≈

(mr)∆n+p,0

(µr)∆n,0+∆p,0

Vasil’ev 04, Amit 05



Differences



Main differences - turbulence problems

Majority of calculations in the 2-loop approximation

Adzhemyan et al., IJMP B 2003 - “One can say that the two-loop
calculation for the stochastic NS equation is as cumbersome as the
four-loop calculation for the conventional φ4 model.”

The critical dimensions (velocity and its powers, frequency, energy
dissipation rate etc.) often given by the one-loop approximation exactly

But, ε series for other important quantities more complicated - the
calculation of the higher-order terms for them is of great interest, e.g. the
correction exponent, the Kolmogorov constant, the inertial-range
skewness factor

S2(r) = Ck(Er)2/3, S ≡ S3

S
3/2
2

higher-order terms important to judge about the validity and
convergence of the perturbative expansion



Main differences

To a given static model there are various dynamical extensions
Hohenberg & Halperin 77

Multi-charge theories

Typical theory contains additional parameters. These are not charges, but
the RG constants may depend on them.
Example: model C (slow heat conduction) Vasil’ev 04

S = λψψ
′ψ′ + ψ′[−∂t + λψHψ]− λmm′∂2m′ +m′[−∂t − λm∂2Hm],

Hφ =
δSstat

δφ
,

λm = λψ u → Zλ = 1 +
g2

(1 + u) ε
+ . . .



Main differences - an illustration for Feynman diagram

advection of a scalar quantity by the Navier-Stokes ensemble

∫
dΩk
2π

dΩq
2π

ddk

(2π)d
ddq

(2π)d
1

[i(ω − Ωk) +D(p− k)2]2
1

i(ω − Ωk − Ωq) +D(p− k − q)2

df (q)P34(q)

Ω2
q + ν2

0q
4

df (k)P12(k)

Ω2
k + ν2

0k
4

(p− k)3(p− k − q)4 p1(p− k)2 =

p2

4ν5
0(1 + u)2(2π)2d

∫
ddk

k6

∫
ddq

q4

q2k2 − (q · k)2

k2 + q2 + u(k + q)2
df (q)df (k)



Main differences - structure of propagators

effect of strong anisotropy

S[Φ] = θ′Dθθ
′/2+θ′

[
−∂t − (v ·∇) + ν0∇2 + χ0ν0(n ·∇)2

]
θ−vD−1

v v/2.

〈θθ′〉0 = 〈θ′θ〉∗0 =
1

−iω + ν0k2 + χ0ν0(n · k)2
,

〈θθ〉0 =
C(k)

| − iω + ν0k2 + χ0ν0(n · k)2 |2
.

More involved issues in Adzhemyan et al., PRE 00



Main differences - expansion schemes

Honkonen & Nalimov 96 - 2D dimensional turbulence, expansion in y and
∆ : d = 2 + 2∆

S =
1

2
v′Dv′ + v′[−∂tv − (v ·∇)v + ν0∇2v]

new divergence present in v′v′

〈fm(t,k)fn(t′,k′)〉 = Pmn(k)δ(t− t′)δ(k + k′)df (k)

kernel function df (k) generalized to

df (k) = df1(k) + df2(k) = g10ν
3
0k

4−d−y + g20ν
3
0k

2

double expansion in (∆, y), where ∆ = (d− 2)/2 is deviation from
space dimension 2 and y - deviation from the Kolmogorov scaling

Hnatic et al. Acta Phys Slov 16



Main differences - expansion schemes

Ray scheme for 3D turbulence Adzhemyan et al. 05

y ∝ ∆ = (d− 2)/2

y



Main differences - expansion schemes

Adzhemyan et al. 10 - improved perturbation theory for 3D NS eq., details in
Hnatič et al., Acta Phys Slov 16

0 1 2 n k
0

1

2

n

l

1-loop

2-loop

n-loop

1-loop 2-loop n-loop

δA
(n)

A
(n)
ε,ζ

A
(n)
ε,d

A(y, d) =

∞∑
k=0

Ak(d)yk, ζ = y/∆

A
(n)
eff = A

(n)
y, d +A

(n)
y, ζ

−
n−1∑
k=0

n−1∑
l=0

ζ−kakl ∆
l ,

CK S

experiment 2.01 −0.28

1-loop 1.47 −0.45

double 1.889 −0.308



Overview



Overview - critical dynamics

Three-loop calculation for model A

preprint Adzhemyan, Novikov & Sladkoff arXiv:0808.1347, Vestnik of St.
Petersburg University 4 (4) (2008), 109-112. (reported 4-loop calculation)

Adzhemyan, Borobeeva, Ivanova, Kompaniets “Theory withour divergences
(in preparation)

5-loop calculations almost finished



Overview - turbulence problems

three-loop calculation for Kraichnan model

analytic results for anomalous exponents presented to ε3

It was shown that the knowledge of three terms allows one to obtain
reasonable predictions for finite ε ∼ 1; even the simple ε expansion
captures some subtle qualitative features of the anomalous exponents
established in numerical experiments

compressible version to 2-loops in Antonov & Azdzhemyan 98



Overview - turbulence problems

L.Ts. Adzhemyan, N.V. Antonov, J. Honkonen, PRE 02: ”Anomalous scaling
of a passive scalar advected by the turbulent velocity field with finite
correlation time: Two-loop approximation ”

L.Ts. Adzhemyan, N.V. Antonov, M.V. Kompaniets, A.N. Vasil’ev, IJMP B 03:
”Renormalization-group approach to the stochastic Navier–Stokes
equation: Two-loop approximation”

Adzhemyan, Honkonen, Kompaniets, Vasil’ev, PRE 05 ”An improved ε
expansion for three-dimensional turbulence: two-loop renormalization
near two dimensions”

L. Ts. Adzhemyan, N. V. Antonov, J. Honkonen, T. L. Kim, PRE 05:
”Anomalous scaling of a passive scalar advected by the Navier–Stokes
velocity field: Two-loop approximation”

work of M. Jurčišin and his group - variants of synthetic models with
different generalizations



Overview - 1/d expansion turbulence

Main idea -
multiscaling disappers for d→∞
1/d corrections calculable for passive advection
combine y-expansion and large d−limit
many integrals vanish
expectation to obtiain simple result

u∗ =
8

3
y − 8

9
y2 − 4

9
y3 +O(y4),

u∗ =
8y

3
(1− 4y/3)1/4(?)

Adzhemyan, Antonov, Gol’din, Kim, Kompaniets, JPA 08 ”Renormalization
group in the infinite-dimensional turbulence: Third-order results”
Adzhemyan, Antonov, Gol’din, Kompaniets, JPA 13: ”Anomalous scaling of
a passive vector field in d dimensions: Higher-order structure functions”

4-loop calculation under construction



Overview - Magnetohydrodynamics

astrophysical applications Moffat 78, Shore 07

The magnetohydrodynamic limit: the dense limit of a plasma motion of
fluid given by the hydrodynamic equations and Ampères law connects
the charge and bulk densities

ωpτc � 1,

ωp the plasma oscillation time scale, τc the collision time

two coupled stochastic equations

∂tB + (v ·∇)B = (B ·∇)v + κ0∇2B + fθ,

∂tv + (v ·∇)v = ν0∇2v −∇p+ (B ·∇)B + fv

without feedback on velocity field→ Kazantsev-Kraichnan model

full 2-loop calculation still missing



Overview - compressible Navier-Stokes equation

The general stochastic NS eq.

ρ[∂tv + (v ·∇)v]︸ ︷︷ ︸
convective term

= ν0[∇2v − ∇(∇ · v) ] + µ0∇(∇ · v) −∇p+ f ,

ρ - the density,
v - the velocity,

ν0,µ0 - molecular viscosities,
f - random force.

continuity equation ∂tρ+ ∇ · (ρv) = 0,

thermodynamic considerations p− p0 = c2
0 (ρ− ρ0).

c2
0 - adiabatic speed of sound

1-loop d = 3 in Antonov 97
around d = 4 within double expansion in Antonov 16
d = 2 still lacking



Recent results



Directed bond percolation process

S[ϕ] = Sdiff[ϕ]︸ ︷︷ ︸
free part

+ Sint[ϕ]︸ ︷︷ ︸
interactions

, ϕ ≡ {ψ, ψ̃},

Sdiff[ϕ] =

∫
dt

∫
ddx

{
ψ̃[∂t −D0∇2 +D0τ0]ψ

}
,

deviation from criticality︷ ︸︸ ︷
τ0 ∝ p− pc ,

Sint[ϕ] =

∫
dt

∫
ddx

{
D0λ0

2
[ψ̃ψ2 − ψ̃2ψ]

}
.

expansion parameter d = 4− ε

Honkonen: arXiv:1210.3934, Janssen& Täuber 2004



Directed bond percolation process

Critical exponents
a) The number N(t, τ) of active particles generated by a seed at the origin

N(t) =

∫
ddx Gψψ̃(t,x) ∼ t

−(γψ + γψ̃)/∆ω
.

b) The mean square radius R2(t) of percolating particles, which started from
the origin at time t = 0

R2(t) =

∫
ddx x2Gψψ̃(t,x)

2d
∫

ddx Gψψ̃(t,x)
∼ t 2/∆ω .

c) Survival probability P (t) of an active cluster originating from a seed at the
origin

P (t) = − lim
k→∞
〈ψ̃(−t,0)e−k

∫
ddx ψ(0,x)〉 ∼ t

−(d+ γψ + γψ̃)/2∆ω
.

Hinrichsen et al. 08



Directed bond percolation process

Sketch of the calculational procedure
Normalization point
Generation of topologies
Construction of the Feynman diagrams
Generation of the integrands
Numerical calculations

based on Adzhemyan, Kompaniets, TMP 11 and Adzhemyan, Kompaniets, Novikov,
Sazonov, TMP 13

# (loops) # (Γψ̃ψ) # (Γψ̃2ψ)

1 1 1

2 2 11

3 17 150

Janssen&Täuber 05
- in preparation



Preliminary results

Critical exponents - the index η

η ≡ 2γψ
∣∣
g2=g∗2

= − ε
6
−0.068077 ε2 + 0.0741655ε3 +O(ε4).

Dynamic critical exponent z reads

z ≡ 2− γD
∣∣
u=u∗

= 2− ε

12
−0.0292119 ε2 + 0.0344042ε3 +O(ε3).

2-loop results Janssen 81, Bronzan 74

η = −ε
6

[
1 +

(
25

288
+

161

144
ln

4

3

)
ε+O(ε2)

]
≈ −ε

6
−0.068075 ε2 +O(ε3),

z = 2− ε

12

[
1 +

(
67

288
+

59

144
ln

4

3

)
ε+O(ε2)

]
≈ 2− ε

12
−0.0292091 ε2 +O(ε3).

Comparison of analytic results with numerical ones - difference smaller than
0.01%. Agreement with Janssen 2-loop results Janssen 81, Adzhemyan et al. 16



Exponent

z δ = d+η
2z θ = − η

2z

d = 3 d = 2 d = 3 d = 2 d = 3 d = 2

T2 1.8874 1.7164 0.7371 0.4486 0.1208 0.3167

T3 1.9218 1.9917 0.7387 0.4989 0.0835 0.0061

P 1
1 1.8716 1.4424 0.7364 0.4428 0.1515 1.6709

P 1
2 1.9048 1.8091 0.7339 0.4187 0.0715 0.0651

P 2
1 1.9032 1.7985 0.7335 0.4077 0.1029 0.2197

1 T2 1.8874 1.7165 0.7371 0.4486 0.1208 0.3167

P 1
1 1.8716 1.4425 0.7364 0.4428 0.1515 1.6705

2 Simul. 1.901(3) 0.732(4) 0.114(4)

1.765(2) 0.451(3) 0.229(3)

1 Janssen 81, Bronzan 74 2 Henkel et al. 08



Annihilation process 2A→ ∅

particles are diffusing with diffusion constant D0 and reacting after mutual
contact

irreversible reaction A+A
λ0−→ ∅

particles A can be interpreted as molecules, biological entities, mutually
annihilating random walk etc. continuum action S for A + A→ ∅ is

S = ψ†[−∂t−(v·∇)+D0∇2]ψ−λ0D0[2ψ†+(ψ†)2]ψ2− n0ψ
†|t=0 +Svelocity



Annihilation process 2A→ ∅

Callan-Symanzik equation for the mean particle number[
(2− γ1)t

∂

∂t
+
∑
g

βg
∂

∂g
− dn0

∂

∂n0
+ d

]
n (t, µ, ν, n0, g) = 0

non-perturbative summation over n0

effective action

ΓR = S +
1

4
+

1

8
+ + . . . ,

stationarity equations
δΓR
δψ†

=
δΓR
δψ

= 0

Hnatič et al. 2013



Annihilation process 2A→ ∅

density decay rate n(t) ∝ t−α

the decay exponent

α = 1 +
γ∗4

2− γ∗1
where the anomalous dimensions γ2 and γ4 are defined as

γ2 =
∂ lnZ2

∂ lnµ

∣∣∣∣
0

, γ4 =
∂ lnZ4

∂ lnµ

∣∣∣∣
0

,

γ2 = γD, γ4 = γλ − γD



Annihilation process 2A→ ∅
Fixed point1 α region of stability O(y,∆) 2

Gaussian (i) 1 y < 0,∆ > 0

Thermal (ii) 1 + ∆
2 + ∆2

2 ∆ < 0, 2y + 3∆ < 0

Anomalous kinetic (iii) 1+∆
1−y/3 y > 0,−2y/3 < ∆ < −y/3

Normal kinetics (iv) 1 y > 0,∆ > −y/3

Driftless (v) 1 + ∆ unstable

Recall that d = 2 + 2∆

y

1for d ≤ 2 we have n(t) ∝ t−(1+∆)

2quadratic corrections are not presented



Annihilation process 2A→ ∅

(i) Gaussian FP
stable for d > 2 - mean field theory
needed for the correct use of RG

(ii) Thermal FP
local correlation stronger than long correlations and
because ∆ < 0 ineq. 1 + ∆/2 > 1 + ∆ holds
at thermal point the decay is faster than n ∼ t−(1+∆)

(iii) Normal FP
stable for ∆ > −y/3 with mean field-like behaviour α = 1
long range correlations destroy any effect of density fluctuations

(iv) Anomalous FP - here we have 1 + ∆/2 < α = (1 + ∆)/(1− y/3) < 1

(v) unstable FP - realized when there is no stirring and thermal fluctuations



Model E of critical dynamics

Action functional

S[Φ] = 2λ0ψ
†′ψ′ − λ0u0m

′∂2m′

+ ψ†
′
[(
−∂t + λ0[∂2 − τ0 −

g10

3
(ψ†ψ)]

)
ψ + iλ0g03ψ (−m+ h0)

]
+ ψ′

[(
−∂t + λ0[∂2 − τ0 −

g10

3
(ψ†ψ)]

)
ψ† − iλ0g03ψ

† (−m+ h0)
]

+m′
[
−∂tm+ iλ0g03(ψ†∂2ψ − ψ∂2ψ†)− λ0u0∂

2(−m+ h0m)
]
.

universality class of planar magnet

De Dominicis & Peliti 78 - a numerical error, later corrected Dohm 79

Observation by Dohm confirmed by numerical means Adzhemyan et al. 16

dimensional regularization with d = 4− 2ε



Model E of critical dynamics

more convenient f =
g2
3

8π2u
, w = 1

u .
dynamical fixed point

f∗ = (2ε)+
3

8

[
2 ln

(
4

3

)
− 1

]
(2ε)2, w∗ = 1+

1

50

[
29− 324 ln

(
4

3

)]
(2ε).

ωf = (2ε)− 0.230097(2ε)2, ωw =
(2ε)

4
− 0.108171(2ε)2

weak scaling fixed point

w∗ = 0, f∗ =
2

3
(2ε) +

2

675

[
702 ln

(
4

3

)
− 167

]
(2ε)2.

ωf = (2ε)− 0.126302(2ε)2, ωw = −(2ε)

3
+ 0.214675(2ε)2

Is is unclear which of two possible regimes is realized in real space
dimension d = 3 - next order of perturbation theory is called for.
at small ε the dynamical regime is IR-stable for n = 2.



List of potential future goals

3-loop stochastic Navier-Stokes equation

4-loop Kraichnan model/ 3-loop compressible version

2-loop compressible Navier-Stokes eq.

3-loop model E / 2-loop model E/F with activated velocity fluctuations

4-loop percolation problem

4-loop 1/d expansion in turbulence problems
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