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E. Remiddi'00, J. Henn'13℄

Gehrmann & Remiddi: a method to evaluate master integrals.

It is assumed that the problem of redution to master integrals

is solved.

Henn: use anonial bases.

A lot of appliations [J.M. Henn, A.V. Smirnov, V.A. Smirnov,

K. Melnikov, F. Caola, R. Boniani, V. Del Dua, H. Frellesvig,

F. Moriello, M. Argeri, S. Di Vita, P. Mastrolia, E. Mirabella,

J. Shlenk, U. Shubert, L. Tanredi, T. Gehrmann, A. von

Manteu�el, E. Weihs, F. Dulat, B. Mistlberger, R. N. Lee,...℄
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(indies) →
apply IBP relations [K.G. Chetyrkin & F.V. Tkahov℄ as

di�erene equations for Feynman integrals as funtions of

indies.

Any integral of the given family is expressed as a linear

ombination of some basi (master) integrals.

The whole problem of evaluation→

onstruting a redution proedure

evaluating master integrals
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FIRE [A. Smirnov℄

REDUZE [C. Studerus, A. von Manteu�el℄

LiteRed [R. Lee℄

Kira [P. Maierhoefer, J. Usovitsh, P. Uwer℄

Private odes to solve IBP relations

Gehrmann & Remiddi, Laporta, Czakon, Shr�oder, Pak,

Sturm, Marquard & Seidel, Velizhanin, Mistlberger,. . . ,

von Manteu�el
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Take some derivatives of given master integrals in masses

or/and kinemati invariants

Express them in terms of Feynman integrals of the given

family

(One an use LiteRed by Lee.)

Apply an IBP redution to express these integrals in terms

of master integrals to obtain a system of di�erential

equations

After this: solve DE.
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Let f = (f
1

, . . . , f
N

) be primary master integrals (MI) for a

given family of dimensionally regularized (with D = 4− 2ǫ)
Feynman integrals.

Let x = (x
1

, . . . , x
n

) be kinematial variables and/or masses,

or some new variables introdued to `get rid of square roots'.

DE:

∂
i

f (ǫ, x) = A

i

(ǫ, x)f (ǫ, x) ,

where ∂
i

= ∂
∂x

i

, and eah A

i

is an N × N matrix.
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Ã =
∑

k

Ã
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Henn (2013): turn to a new basis where DE take the form

∂
i

f (ǫ, x) = ǫA
i

(x)f (ǫ, x) .

In the di�erential form,

d f (ǫ, x) = ǫ (d Ã(x)) f (x , ǫ) ,

where

Ã =
∑

k

Ã

k

log(α
k

) .

and Ã

k

are onstant matries. The arguments of the

logarithms α
i

(letters) are funtions of x .

Let us all it epsilon form and the orresponding basis

anonial.
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The ase of two sales, i.e. with one variable in the DE, i.e.

n = 1.

One tries to ahieve the following form of DE:

f

′(ǫ, x) = ǫ Ã′(x) f (x , ǫ) = ǫ
∑

k

a

k

x − x

(k)
f (ǫ, x) .

where x

(k)
is the set of singular points of the DE and N × N

matries a

k

are independent of x and ǫ.

For example, if x

k

= 0,−1, 1 the matrix Ã involves

log(x), log(x ± 1)
and results for elements of suh a basis are expressed in terms

of harmoni polylogarithms (HPL) by E. Remiddi and

J. Vermaseren.
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Solve DE order in order in ε

f =
∑

i

f

(i)εi

d

dx

f

(i) = A(x)f (i−1)

Solution

f

(i)(x) =

∫

x

0

A(x ′)f (i−1)(x ′)dx ′ + 

i
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≤...τ
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dÃ(τ
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) . . . · . . . dÃ(τ
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→ a linear ombination of integrals

∫

0≤τ
1

≤...τ
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≤x

dτ
k

τ
k

+ a

k

. . .
dτ

1

τ
1

+ a

1

where a

i

= 0,−1 or 1.

HPLs

H(a
1

, a
2

, . . . , a
n

; x) =

∫

x

0

f (a
1

; t)H(a
2

, . . . , a
n

; t)dt ,

where f (±1; t) = 1/(1∓ t), f (0; t) = 1/t,
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How to turn to a anonial basis?

Computer odes:

An algorithm in the ase of one variable [R.N. Lee'14℄.

Three steps: making singularities Fuhsian, normalizing

eigenvalues and fatoring out the ε-dependene. A ruial

ingredient for the �rst two steps: the balane

transformation.

Publi implementations:

Fuhsia [O. Gituliar & V. Magerya'16℄,

epsilon [M. Prausa'17℄

An algorithm in the ase of several variables

[C. Meyer'16℄ with a publi implementation.

Adjust a transformation matrix using a proper Ansatz.
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Evaluating QCD form fators.

Three-loop results

[P. A. Baikov, K. G. Chetyrkin, A.V. Smirnov, V.S. &

M. Steinhauser'09,

T. Gehrmann, E. W. N. Glover, T. Huber, N. Ikizlerli &

C. Studerus'10℄

Analyti results for the three missing oe�ients

[R. N. Lee, A. Smirnov & V.S.'10℄

Analyti results for the three-loop master integrals up to

weight 8

[R. N. Lee, A. Smirnov & V.S.'10℄

motivated by a future four-loop alulation.
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Evaluating four-loop QCD form fators

The photon-quark form fator in the large-N



limit.

[J. Henn, A. Smirnov, V.S. & M. Steinhauser'16;

J. Henn, R. Lee, A. Smirnov, V.S. & M. Steinhauser'16℄

Non-planar ontributions?

Fermioni orretions with three losed quark loops, i.e. n

3

f

[A. von Manteu�el & R. Shabinger'16℄

non-planar alulations in N = 4 SYM with numerial

methods

[R. Boels, Gang Yang & T. Huber'17℄
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Our results
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terms of γ3

usp

[J.A. Graey'94; M. Beneke & V.M. Braun'95℄

Agreement with the known n

2

f

term of γ3

usp

[J. Davies, A. Vogt, B. Ruijl, T. Ueda & J.A.M.

Vermaseren'17℄
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Evaluating four-loop QCD form fators

We apply

qgraf for the generation of Feynman amplitudes;

q2e and exp for writing down form fators in terms of

Feynman integrals

FIRE and LiteRed for the IBP redution to master

integrals.

Calulations in generi ξ-gauge for heks.
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Evaluating four-loop QCD form fators

We introdue a seond mass sale by onsidering q

2

2

6= 0,

and de�ne q

2

2

= xq

2

.

We enounter 91 (101) two-sale master integrals for

family 7 (786).

We derive di�erential equations for these master integrals

with respet to x using LiteRed.

To solve our di�erential equations we turn from the

primary basis to a anonial basis using the private

implementation of the algorithm of Roman Lee.

∂
x

f (x , ǫ) = ǫ

[

a

x

+
b

1− x

]

f (x , ǫ)

We write down solutions of these di�erential equations in

a straightforward way order-by-order in ǫ in terms of HPL

with letters 0 and 1.
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Evaluating four-loop QCD form fators

We �x the boundary onditions for the anonial master

integrals at the point x = 1 where integrals are analyti

and redue to well-known propagator integrals

[P.A. Baikov & K.G. Chetyrkin'10;

[R. N. Lee, A. Smirnov & V.S.'10℄

We solve our di�erential equations asymptotially near

the point x = 0 and �x these solutions by mathing them

to our solution at general x using HPL [D. Maitre'05℄.

The asymptoti solutions are linear ombinations of

powers x

kǫ
with k = 0, 1, . . . , 8. We pik up asymptoti

terms with k = 0 and obtain the so-alled naive values of

the anonial master integrals at x = 0.

From the analyti results for the naive part we obtain

analytial results for the sought-after one-sale master

integrals after hanging bak to the primary basis.
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Examples of our results for the master integrals
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Evaluating onformal integrals

Correlation funtions in N = 4 SYM (in partiular of the

stress-tensor multiplet).

Correlation funtions → both sattering amplitudes and the

dual polygonal Wilson loops [L. F. Alday, B. Eden,

G. P. Korhemsky, J. Maldaena & E. Sokathev'11, B. Eden,

G. P. Korhemsky & E. Sokathev℄

The omplexity inreases very muh at higher loops.

An expliit result for the two-loop four-point stress-tensor

orrelator

[B. Eden, C. Shubert & E. Sokathev'00, M. Bianhi,

S. Kovas, G. Rossi & Y. S. Stanev'00℄
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Three-loop alulations [B. Eden, P. Heslop, G. P. Korhemsky

& E. Sokathev'12, J. Drummond, C. Duhr, B. Eden,

P. Heslop, J. Pennington & V. A. Smirnov'13, D. Chiherin,

J. Drummond, P. Heslop & E. Sokathev'15℄

In [J. Drummond, C. Duhr, B. Eden, P. Heslop, J. Pennington

& V. A. Smirnov'13℄ also one four-loop integral was evaluated

(with one external vertex is onneted to the rest of this

diagram only by a single line.)

Four loops: 26 genuine four-loop integrals in the planar part of

the orrelator �ve of whih an be related to the ladder with

four rungs by �ip identities on subintegrals.
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Evaluating onformal integrals

Evaluating by DE using D-dimensional IBP relations

[B. Eden & V.S.'16℄.

The goals:
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Construting a anonial basis

We used a ode onstruted by Burkhard Eden.
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) an then be solved in terms of

HPL with letters 0 and 1, up to onstants.

To �x these 213× 9 unknown onstants, we math our results

in terms of multiple polylogarithms to the leading order

asymptoti behaviour of the solution of DE in the limit

z , z̄ → 0 whih orresponds to the Eulidean limit x
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→ 0.
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The short-distane limit is simple beause the orresponding
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. . . 0, 0, 0, 1 . . . = . . . 4 . . . et. is used
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This result as well as those for some other elements in the

basis were heked by a numerial alulation with FIESTA

[A.V. Smirnov'15℄

Agreement with independent alulations by O. Shnetz and

E. Panzer.
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The same proedure as in the previous four-loop alulation.
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Evaluating onformal integrals
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Ã =
∑

k

Ã
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Evaluating onformal integrals

The result for the �nite part of our integral is

(1/(30 (z1 - z2)))(\[Pi℄^4 z1 - \[Pi℄^4 z2 -

30 z2 G[0, 1, z2℄ G[1, 0, z1℄ + 30 z1 z2 G[0, 1, z2℄ G[1, 0, z1℄ +

30 z1 G[0, 1, z1℄ G[1, 0, z2℄ - 30 z1 z2 G[0, 1, z1℄ G[1, 0, z2℄ +

30 G[1, 0, z2℄ G[1, 1, z1℄ - 30 z1 G[1, 0, z2℄ G[1, 1, z1℄ -

30 z2 G[1, 0, z2℄ G[1, 1, z1℄ + 30 z1 z2 G[1, 0, z2℄ G[1, 1, z1℄ +

30 z2 G[0, 0, z2℄ (z1 G[0, 1, z1℄ - (-1 + z1) G[1, 1, z1℄) -

30 G[1, 0, z1℄ G[1, 1, z2℄ + 30 z1 G[1, 0, z1℄ G[1, 1, z2℄ +

30 z2 G[1, 0, z1℄ G[1, 1, z2℄ - 30 z1 z2 G[1, 0, z1℄ G[1, 1, z2℄ -

30 z1 G[0, 0, z1℄ (z2 G[0, 1, z2℄ - (-1 + z2) G[1, 1, z2℄) -

30 z1 z2 G[0, z2℄ G[0, 0, 1, z1℄ - 30 z1 G[1, z2℄ G[0, 0, 1, z1℄ + 30 z1 z2 G[1, z2℄ G[0, 0, 1, z1℄ +

30 z1 z2 G[0, z1℄ G[0, 0, 1, z2℄ + 30 z2 G[1, z1℄ G[0, 0, 1, z2℄ - 30 z1 z2 G[1, z1℄ G[0, 0, 1, z2℄ +

30 z1 z2 G[0, z2℄ G[0, 1, 0, z1℄ + 30 z1 G[1, z2℄ G[0, 1, 0, z1℄ - 30 z1 z2 G[1, z2℄ G[0, 1, 0, z1℄ -

30 z1 z2 G[0, z1℄ G[0, 1, 0, z2℄ - 30 z2 G[1, z1℄ G[0, 1, 0, z2℄ +

30 z1 z2 G[1, z1℄ G[0, 1, 0, z2℄ - 30 z2 G[0, z2℄ G[1, 0, 1, z1℄ +

30 z1 z2 G[0, z2℄ G[1, 0, 1, z1℄ - 30 G[1, z2℄ G[1, 0, 1, z1℄ +

30 z1 G[1, z2℄ G[1, 0, 1, z1℄ + 30 z2 G[1, z2℄ G[1, 0, 1, z1℄ -

30 z1 z2 G[1, z2℄ G[1, 0, 1, z1℄ + 30 z1 G[0, z1℄ G[1, 0, 1, z2℄ -

30 z1 z2 G[0, z1℄ G[1, 0, 1, z2℄ + 30 G[1, z1℄ G[1, 0, 1, z2℄ -

30 z1 G[1, z1℄ G[1, 0, 1, z2℄ - 30 z2 G[1, z1℄ G[1, 0, 1, z2℄ +

30 z1 z2 G[1, z1℄ G[1, 0, 1, z2℄ + 30 z2 G[0, z2℄ G[1, 1, 0, z1℄ -

30 z1 z2 G[0, z2℄ G[1, 1, 0, z1℄ + 30 G[1, z2℄ G[1, 1, 0, z1℄ -

30 z1 G[1, z2℄ G[1, 1, 0, z1℄ - 30 z2 G[1, z2℄ G[1, 1, 0, z1℄ +

30 z1 z2 G[1, z2℄ G[1, 1, 0, z1℄ - 30 z1 G[0, z1℄ G[1, 1, 0, z2℄ +

30 z1 z2 G[0, z1℄ G[1, 1, 0, z2℄ - 30 G[1, z1℄ G[1, 1, 0, z2℄ +

30 z1 G[1, z1℄ G[1, 1, 0, z2℄ + 30 z2 G[1, z1℄ G[1, 1, 0, z2℄ -

30 z1 z2 G[1, z1℄ G[1, 1, 0, z2℄ - 30 z1 z2 G[0, 0, 1, 0, z1℄ +

30 z1 z2 G[0, 0, 1, 0, z2℄ - 30 z1 G[0, 0, 1, 1, z1℄ + 30 z1 z2 G[0, 0, 1, 1, z1℄ + 30 z2 G[0, 0, 1, 1, z2℄ -

30 z1 z2 G[0, 0, 1, 1, z2℄ + 30 z1 z2 G[0, 1, 0, 0, z1℄ - 30 z1 z2 G[0, 1, 0, 0, z2℄ + 30 z1 G[0, 1, 0, 1, z1℄ -

30 z1 z2 G[0, 1, 0, 1, z1℄ - 30 z2 G[0, 1, 0, 1, z2℄ + 30 z1 z2 G[0, 1, 0, 1, z2℄ - 30 z2 G[1, 0, 1, 0, z1℄ +

30 z1 z2 G[1, 0, 1, 0, z1℄ + 30 z1 G[1, 0, 1, 0, z2℄ - 30 z1 z2 G[1, 0, 1, 0, z2℄ - 30 G[1, 0, 1, 1, z1℄ +

30 z1 G[1, 0, 1, 1, z1℄ + 30 z2 G[1, 0, 1, 1, z1℄ - 30 z1 z2 G[1, 0, 1, 1, z1℄ + 30 G[1, 0, 1, 1, z2℄ -

30 z1 G[1, 0, 1, 1, z2℄ - 30 z2 G[1, 0, 1, 1, z2℄ + 30 z1 z2 G[1, 0, 1, 1, z2℄ + 30 z2 G[1, 1, 0, 0, z1℄ -

30 z1 z2 G[1, 1, 0, 0, z1℄ - 30 z1 G[1, 1, 0, 0, z2℄ + 30 z1 z2 G[1, 1, 0, 0, z2℄ + 30 G[1, 1, 0, 1, z1℄ -

30 z1 G[1, 1, 0, 1, z1℄ - 30 z2 G[1, 1, 0, 1, z1℄ + 30 z1 z2 G[1, 1, 0, 1, z1℄ - 30 G[1, 1, 0, 1, z2℄ +

30 z1 G[1, 1, 0, 1, z2℄ + 30 z2 G[1, 1, 0, 1, z2℄ - 30 z1 z2 G[1, 1, 0, 1, z2℄ + 540 z1 Zeta[3℄ - 540 z2 Zeta[3℄ +

180 G[1, z1℄ Zeta[3℄ - 180 z1 G[1, z1℄ Zeta[3℄ - 180 G[1, z2℄ Zeta[3℄ + 180 z2 G[1, z2℄ Zeta[3℄)
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Analytial evaluation of the three-loop stati quark potential

The stati potential of two heavy quarks
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l

is the number of light (massless) quarks.
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In partiular, for N



= 3 we have

a

[1],(0)
3

=
385645
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+ π2

[
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+ 816ã
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2
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168

−
3861(ζ(3))2
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,

with s

6

= ζ(−5,−1) + ζ(6), ã

4
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4

(1/2) +
l

4

2
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2

= log 2
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Derive and solve DE with respet to y and obtain F

1,...,1,,1,−2,1,0

[R. Lee & V.S.'16℄
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